We investigate the interaction of differential rotation and a misaligned magnetic field. The incompressible magnetohydrodynamic equations are solved numerically for a free-decay problem. In the kinematic limit, differential rotation annihilates the non-axisymmetric field on a timescale proportional to the cube root of magnetic Reynolds number (Rm), as predicted by Rädler. Nonlinearly, the outcome depends upon the initial energy in the non-axisymmetric part of the field. Sufficiently weak fields approach axisymmetry as in the kinematic limit; some differential rotation survives across magnetic surfaces, at least on intermediate timescales. Stronger fields enforce uniform rotation and remain non-axisymmetric. The initial field strength that divides these two regimes does not follow the scaling Rm −1/3 predicted by quasi-kinematic arguments, perhaps because our Rm is never sufficiently large or because of reconnection. We discuss the possible relevance of these results to tidal synchronization and tidal heating of close binary stars, particularly double white dwarfs.
Introduction
Ferraro's isorotation law applied to stellar interior states that "the star can possess a steady field only if the field is symmetric about the axis of rotation, and each line of force lies wholly in a surface symmetric about the axis and rotating with uniform angular velocity" (Ferraro 1937) . A detailed derivation can be found in Cowling (1957) . The theorem can be mathematically expressed as B p · ∇Ω = 0, where B p is the axisymmetric poloidal field and Ω the angular velocity. This formula shows that the contours of axisymmetric poloidal field are parallel to the contours of angular velocity. The isorotation law is strictly valid only for a perfect conductor, i.e. the magnetic Reynolds number Rm → ∞. Later, Mestel and Weiss (1987) studied the dynamical and resistive effects of departures from the isorotation law. Their results suggest that Alfvén waves propagating along the poloidal field lines transfer angular momentum along field lines until the isorotation law is achieved.
Therefore, it may be inferred that if all field lines are attached to a uniformly rotating solid core, then the entire stellar (or planetary) interior will eventually achieve solid-body rotation (e.g., Charbonneau and MacGregor 1992) . Mestel and Weiss (1987) suggested that even without such a core, a fluid body will tend toward solid-body rotation if its magnetic field is significantly non-axisymmetric: for example, a dipolar field whose axis is not parallel to the rotation axis, a situation referred to in our paper as an oblique rotator.
The outcome surely depends on the relative strengths of the field and of differential rotation. Rädler (1986) considered the kinematic limit in which the backreaction of the magnetic field on the flow is neglected, so that the field evolves initially linearly according to the induction equation in a prescribed flow. He concluded that the combined effects of differential rotation and magnetic diffusion cause the non-axisymmetric field to decay more rapidly than the axisymmetric field, thus tending to reduce the magnetic obliquity.
Allowing for magnetic forces, Mestel (1999, §9. 3) concluded that a poloidal field with a weak component perpendicular to the rotational axis can be destroyed by differential rotation, but a stronger perpendicular component can destroy the differential rotation. The principal goal of the present paper is to test and quantify these conclusions by explicit calculations.
The problem posed here has several applications in geophysics and astrophysics. In many stars and fluid planets, it will often be complicated by a magnetic dynamo, which may reinforce the magnetic field in ways that cannot confidently be predicted. We are motivated, however, mainly by applications to white dwarfs, whose magnetic fields are probably relics inherited from their progenitors. In the double-degenerate scenario for Type Ia supernovae (SNe Ia), two white dwarfs orbiting one another are gradually driven together by gravitational radiation. At late phases of the inspiral when the stars are separated by a modest multiple of their radii, they will exert mutual tidal torques tending to enforce synchronism between their rotational and orbital frequencies. These torques, which likely involve resonant excitation of inertial oscillations and internal waves (g modes), are expected to be unequally distributed within the star, in fact concentrated toward the surface where thermal timescales are shortest, densities are least, and tidally excited waves may break nonlinearly (Fuller and Lai 2012; Burkart et al. 2013; Dall'Osso and Rossi 2014) , possibly with observable consequences (Fuller and Lai 2013) . Magnetic stresses are likely needed to couple the rotation of the stellar interior to that of the surface layers. The amount of associated dissipation in the interior may depend not only on the strength of the magnetic field and of the tide, but also on the symmetry of the field. If it is essentially axisymmetric, then since plasma viscosity is likely negligible, some turbulent dissipation is probably required to transport angular momentum across the lines. Also, the efficiency of magnetic redistribution of angular momentum may affect the degree of nonsynchronous rotation, which, even if small, determines the total dissipation associated with a given tidal torque. An upper bound to the tidal heating rate is the power required to maintain synchronous rotation,Ė spin = (I 1 + I 2 )ΩΩ, where Ω is the orbital angular velocity and I 1,2 are the moments of inertia of the two stars. For two 0.7 M ⊙ carbonoxygen white dwarfs driven together by gravitational radiation,Ė spin ≈ 10 38 P −14/3 min erg s −1 , where P min is the orbital period in minutes, while the time before contact is 400P −8/3 min yr. As noted in the works cited above, however, the actual dissipation rate will be less than this by an appropriate average of (1 − Ω spin /Ω orb ), Ω spin being the rotational angular velocity of each mass element (which differs among elements if the star rotates differentially). Thus the dissipation will be quite small if the tidal torques are efficiently redistributed so that all parts of the star are kept nearly synchronous with the orbit. The dissipation will also be small if the tidal torques are weak so thatΩ spin ≪Ω orb . Still, if even a small fraction oḟ E spin were dissipated and the heat were transported to the surface, such systems could be quite luminous.
Surface magnetic fields of white dwarfs vary widely. Zeeman measurements indicate that ∼ 10% of these stars have fields exceeding 2 megagauss (Liebert et al. 2003) , but sensitive polarimetry (of admittedly small samples) suggest that the majority have surface fields 10 kG (Landstreet et al. 2012 ). In the expected absence of dynamo action, electrical conductivities in the degenerate interiors of these stars are such that their fields should decay on timescales ∼ 10 9 yr (Fontaine et al. 1973) . This is of the same order as the ages of most observed white dwarfs and likely also of many SN Ia progenitors. Depending upon the star's mass, crystallization begins at the center after one to a few billion years when the luminosity has fallen to 10 −3 to 10 −4 L ⊙ (Renedo et al. 2010) . Some field lines may be anchored to the growing solid core, an effect not accounted for in the idealized models considered here.
The double-degenerate scenario for SNe Ia, though favored by recent evidence, is unproven (Maoz et al. 2014) . A variant invokes merging via head-on collisions in a triple-star system rather than inspiral driven by gravitational waves (Katz and Dong 2012; Kushnir et al. 2013 ). Yet short-period white-dwarf binaries do exist (Nelemans et al. 2004; Brown et al. 2011) , and their end states invite speculation even if they are not destined to be supernovae.
The plan of this paper is as follows. §2 frames the free-decay problem and our numerical methods. §3 compares results for the kinematic problem, in which the differential rotation is prescribed and the backreaction of the field neglected, with the predictions of Rädler (1986) . §4 presents results for the full nonlinear problem, including estimates for the critical initial field strength as a function of Rm. Numerical considerations limit our calculations to Re = Rm ≤ 10 4 , much less than in a real white dwarf. Finally, §5 discusses the relationship of these numerical results to the astrophysical problem that motivates this work. It is clear that there are many aspects of the joint tidally-driven evolution of the magnetic field and differential rotation that will need further study.
Formulation
We calculate the three-dimensional and fully nonlinear unforced MHD equations in a spherical shell with inner radius r i and outer radius r o . The differential rotation and misaligned field are given as initial conditions. To conserve total angular momentum, stress-free conditions are imposed on the fluid velocity and insulating conditions on the magnetic field at both boundaries.
The dimensionless MHD equations for an incompressible fluid of constant and uniform density read ∂u ∂t
Length has been normalized to r o , time to Ω The details of numerical method can be found in Hollerbach (2000) . Toroidal-poloidal decompositions are used to guarantee ∇ · u = ∇ · B = 0:
In spherical coordinates (r, θ, φ) the functions {e, f, g, h} are expanded in the angular coordinates with spherical harmonics and in radius with Chebyshev polynomials. For example,
where
We use a second order Runge-Kutta scheme for time stepping. The diffusive terms are treated implicitly.
We impose stress-free boundary condition for fluid velocity at both r o and r i , namely u r = τ rθ = τ rφ = 0. Translated to spherical harmonics, this becomes
These hold for both cosine and sine components and so the superscripts c and s are omitted.
We require the field to match onto potential fields interior to r i and exterior to r o that are regular at r = 0 and r = ∞, respectively, so that
The initial differential rotation profile is taken for the hydrostatic equilibrium, i.e.
inertial force is balanced by pressure gradient, such that the angular velocity depends only on cylindrical radius R = r sin θ,
A larger exponent of R might better imitate the concentration of tidal torques toward the surface and equator but would lead to rapid magnetic and viscous diffusion at the numerically accessible values of Re and Rm. Like this profile, the differential rotation resulting from tidal torques in an inspiraling binary is probably immune to magnetorotational instability (MRI) because ∂Ω 2 /∂R > 0 (e.g., Balbus 2003) .
For the initial field we choose free-decay modes, eigenfunctions of the induction equation with finite conductivity and currents confined to the body (Moffatt 1978, §2.7) . If the conductivity is uniform, the poloidal expansion coefficients obey
The eigenfunctions for h lm are linear combinations of spherical Bessel functions of the first and second kind that satisfy the insulating boundary condition (6). We choose for the initial conditions a linear combination of the two lowest-order poloidal free-decay modes (l = 1, m = 0) and (l = 1, m = 1):
in which α is the angle between the rotational and magnetic axes. The initial field is then
The normalization is chosen so that the initial magnetic energy is Va 2 ρΩ With the boundary conditions, the total angular momentum should be conserved, and with our initial conditions, it is purely axial:
The radial integral can be found analytically. In our numerical calculations, e c k10 is monitored at each time step, and the total angular momentum is found to be conserved to one part in 10 8 . For the initial rotation profile (7), L z = 0.9574 in our units, and the initial kinetic energy E 0 = 0.3191. Because of viscosity, uniform (solid-body) rotation must eventually be established. The final angular velocity and kinetic energy are Ω ∞ = L z /I = 0.5714 and E ∞ = L 2 z /2I = 0.2736, where I ≈ 1.676 is the moment of inertia of the fluid shell. Therefore, the excess kinetic energy available for dissipation is
In §4, we compare the times required for the magnetic and excess kinetic energies to decay to 10% of their initial values, as functions of Rm = Re and Va.
Kinematic problem
Before addressing the fully nonlinear problem, we study a simplified kinematic one in which the flow is fixed in its initial form (7), and only the magnetic induction equation (2) is solved. This is a linear problem and the spherical harmonics decouple. Therefore, the axisymmetric and non-axisymmetric fields evolve independently.
Rädler (1986)'s analysis applies here, and we summarize it. Differential rotation shears the axisymmetric poloidal field into axisymmetric azimuthal field-the so-called ω effect-with the same dependence on (r, θ) and therefore a constant characteristic decay
However, if diffusion is neglected, the non-axisymmetric field reverses on progressively finer lengthscales as time goes on. Rädler demonstrates this with a cartoon of a field line winding up in a plane, but the point is important enough to us that we give a more careful argument. In ideal MHD, advection by the velocity field Ω(r, θ)r sin θê φ preserves the meridional components B p ≡ (B r , B θ ) along the flow, as can be seen by considering that any closed fluid contour drawn on a sphere r =constant remains on the sphere and encloses constant area and constant flux as it is advected; and similarly for any contour on a cone θ =constant. Therefore, if B (t) p (r, θ, φ) is the meridional field at time t, then the evolution of this field and its derivatives is
from which it can be seen that the meridional derivatives ∂ r B p and ∂ θ B p increase linearly with time unless ∂B all components of the m th harmonic quickly decay. Thus the toroidal field and magnetic energy will peak at a time
where ∆Ω ∼ r 0 |∇Ω| rms is a measure of the differential rotation, and Rm ′ ≡ r 2 0 ∆Ω/η. The peak magnetic energy density therefore scales as
unless the m = 0 component of the field is isorotational. Figure 2 shows the time evolution of total, axisymmetric and non-axisymmetric magnetic energy at different Rm with Va = 0.1 and α = 45
• . Initially, the axisymmetric azimuthal magnetic field grows linearly with time and its energy quadratically, but eventually all components of the field decay resistively. The non-axisymmetric energy grows faster and decays much faster than the axisymmetric energy. The peak value of non-axisymmetric magnetic energy and the time at which it is achieved are given in Table 1 .
These results can be fit by t peak ∝ Rm 0.323±0.004 and E mag, peak ∝ Rm 0.753±0.035 , in rough agreement with equations (12) and (13). 
Selfconsistent MHD flow
We now study the fully nonlinear MHD flow by numerically solving both (1) and (2).
The importance of the magnetic forces can be estimated by comparing the peak magnetic energy (13) predicted kinematically to the energy available in the shear flow: this ratio is ∼ Va 2 Rm 2/3 for m = 1. Thus if Va Rm −1/3 , the non-axisymmetric field can be expected to act as a brake on the large-scale shear before it is annihilated by diffusion (Spruit 1999 First we study the magnetic back reaction by varying the initial field strength. at the time when the non-axisymmetric magnetic energy peaks, t = 7.48. The first panel shows a large change in the pattern of differential rotation compared to the initial state ( Fig. 1(a) ). Meridional circulation is induced, as shown in the right panel. The winding up of the field is evident in the plan views shown in the last three panels.
Next we discuss the applicability of the isorotation law B p · ∇Ω = 0. Non-axisymmetric field alters the conditions for isorotation. Suppose that u = RΩê φ and B = B RêR + B zêz in cylindrical coordinates (R, φ, z), and that Rm → ∞ so that magnetic diffusion is ineffective. Va=0.01 depends nontrivially on the azimuthal coordinate (φ), however, the induction term becomes
Even if B p · ∇Ω is initially zero, the second term on the right side will cause B p to evolve, so that additional constraints must be satisfied by the initial state to maintain isorotation.
It is likely that there are very few if any nonaxisymmetric isorotational states other than solid-body rotation (Mestel and Weiss 1987) . Since the non-axisymmetric field decays much faster than the axisymmetric field, however, it may be that isorotation can be approached rotating and uniformly conducting shell, especially near the equator (Fig 1(a) ).
Thirdly we compare the relative strength of differential rotation and misaligned field.
As pointed out by Mestel (1999, §9. 3), the degree of misalignment is crucial to the dynamics. To quantify the relative strength we compare two characteristic times. The first is the time when the excess kinetic energy drops to 10% of its initial value. As noted in §2, the kinetic energy decays from 0.3191 initially to 0.2736 in a state of uniform rotation at the same total angular momentum; thus the reduction of the difference of these by 90% corresponds to kinetic energy = 0.2781. The second characteristic time is that when the non-axisymmetric magnetic energy drops to 10% of its peak (not initial) value. Table 2 lists these two times for several Re = Rm and Va. On each column higher Va corresponds to faster decay of kinetic energy and slower decay of non-axisymmetric magnetic energy.
A stronger field tends to convert more kinetic energy to magnetic energy, as already seen in Fig. 3 and the surrounding discussion above. More importantly, in the regime Va ≤ 0.03 the time for the 90% drop of kinetic energy is later than the time for the 90% drop of non-axisymmetric magnetic energy, whereas in the regime Va ≥ 0.05 the situation is reversed. Therefore, there exists a boundary in the (Rm, Va) plane across which the dynamics is qualitatively changed. Below this boundary the magnetic field is symmetrized before differential rotation completely decays; above it, differential rotation is suppressed before the magnetic field is symmetrized (if it is symmetrized at all before it decays). This is consistent with the arguments of Mestel (1999) and Spruit (1999) .
To test these arguments more quantitatively, we have interpolated in Va along each column of Table 2 to find the value Va crit at which the two times in question are equal.
The bottom row of Table 2 indicates that Va crit is not a monotonic function of Rm. A power-law fit to the final two colums (the highest Rm) yields Va crit ∝ Rm −0.20 , a somewhat weaker dependence than the scaling Rm −1/3 predicted by the quasi-kinematic reasoning at the beginning of this section. We return to this point in §5 below.
To end this section, we briefly discuss the effect of varying the angle α between the rotational and magnetic axes. Since, as we have seen, there are strong differences between the axisymmetric cases (where α = 0) and those for which α = 45 • , it is reasonable to expect that the strength of the interaction between the flow and the field should increase continuously with this angle up to α = 90
• . This expectation is tested in Figure 6 , which shows the evolution of the magnetic energy and Ohmic dissipation for several values of α.
A larger angle leads to higher energy and dissipation, as expected.
Discussion
In this work we have explored numerically the interaction of differential rotation and a misaligned magnetic field. In the kinematic limit we verify the Rm V A is the physical Alfvén speed and L is an appropriate macroscopic lengthscale, such as the length of the reconnecting current sheet; the present estimate for the dimensionless factor is f ≈ 0.02 (Loureiro et al. 2012 , and references therein). Mechanisms by which V rec /V A becomes independent of η (or perhaps depends upon it only very weakly) are said to provide "fast reconnection".
In our problem, V A should be based on the tightly wound azimuthal field, which scales with time t as V A ∼ Va RΩ∆Ωt as explained in §3, while the lengthscale along field lines is
The local timescale on which the field is destroyed now becomes l/V rec rather than l 2 /η, with l ∼ r 0 /(t∆Ω) being the cross-field lengthscale on which the field reverses. Equating this local timescale to the winding time t leads to a revised estimate of the time at which the magnetic energy should reach its peak: ∆Ωt pk ∼ (f VaΩ/∆Ω)
rather than Rm −1/3 as before. Defining Va crit so that the magnetic energy at the peak is equal to the excess kinetic energy ∆E in the initial differential rotation leads to
is the final rotational energy, and the factor 1/5 arises from I/Mr 2 0 ≈ 2/5 as for a full sphere of mass M and constant density. Finally, setting f ≈ 0.02, ∆Ω/Ω ≈ 1, and ∆E/E ∞ ≈ 1/6 yields Va crit ≈ 0.011. In short, if we were able to extend our calculations to Re = Rm → ∞ with the same initial rotation profile and magnetic geometry, then we would expect Va crit to asymptote to ∼ 10 −2 because of fast reconnection. It is unlikely that our simulations achieve fast reconnection, however, because the Lundquist number at the peak is
where we have put V a = 0.04 and ∆Ω/Ω = 1 in the final estimate. Thus our largest-Rm simulations probably undergo stable Sweet-Parker reconnection, for which V rec ∝ V A second difference between our simulations and the astrophysical problem is that we have studied the free decay of a pre-existing profile of differential rotation rather than gradual acceleration by a tidal torque. (This allowed the outcome to be discerned with less CPU time.) In the tidal-binary scenario, the system starts with an orbital period of a few hours, which is short enough to lead to merging of a pair of 0.7 M ⊙ white dwarfs within 10 9 yr ( §1). Assuming that the tidal torque is absorbed in the outer layers of the star, the magnetic stress necessary to maintain synchronous rotation of the interior is
in which I ≈ 0.2MR 2 is the moment of inertia of a cool white-dwarf model at this mass.
Thus for example, if the meridional field is ∼ 10 kG, a plausible upper limit for most white dwarfs, then only a slight bending of the lines is needed to maintain synchronism when the period is an hour or more. When the period is about a minute, however, B φ ∼ 10 4 B r ∼ 100 MG would be required since differential rotation alone will not increase B r . While this is not outside the range of surface fields observed in some white dwarfs, a non-axisymmetric field so tightly wound would have a resistive time ∼ 10 −8 times smaller than that of the most slowly decaying magnetic eigenmode (∼ 3 × 10 9 yr); and magnetic reconnection would probably act on even shorter timescales, as discussed above. Hence an axisymmetric field might be expected, unless perhaps dissipation in the interior leads to nonaxisymmetric turbulence that produces a magnetic dynamo. Such a dynamo might also maintain B r comparable to B φ , allowing a lower overall stress for the same torque.
However, by our estimates, a radial field of order 1 MG would begin to have a significant effect on the dispersion relation of g-modes at the compositional interface where they are tidally excited in the models of Fuller and Lai (2012) .
In summary, while there is little doubt that the interactions among tidal torques, differential rotation, and magnetic fields are important for coalescing white-dwarf binaries, we are far from being able to predict the tidal heating and luminosity of such systems in the last stages of inspiral.
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